Abstract: The existence of a fixed point for the sum of a generalized contraction and a compact map on a closed convex bounded set is proved. The result is applied to a kind of nonlinear integral equations.
Introduction
In 1958, M. Krasnosel'skii [8] proved the well-known fixed point theorem for the sum of a contraction A and a compact map B defined on a closed convex bounded subset K of a Banach space X . The crucial assumption that A + B ∈ K for any ∈ K enabled him to find the continuous inverse (I − A) −1 and a fixed point of a map (I − A) −1 B by the Schauder Fixed Point Theorem. On the other hand, the theory of measure of noncompactness developed by many authors (Kuratowski, Goebel, Banaś et al., see [2] ) gives the possibility to weaken the above assumption to a more natural condition (A + B)(K ) ⊂ K . In fact, A + B is a set contraction, which means that
β((A + B)(C )) ≤ β(C )
for any C ⊂ K , where < 1 and β(C ) is the Hausdorff measure of noncompactness of C , i.e., β(C ) = inf { > 0 : C has a finite -net}. Then the assertion follows from the Darbo Fixed Point Theorem for set contractions. * E-mail: bogdan.przeradzki@p.lodz.pl Meanwhile, many authors looked for generalizations of the Banach Contraction Principle [6] . They tried to get the unique fixed point in a complete metric space X under a weaker contraction property of a map T : X → X . In most of papers, it was a so-called -contraction, i.e., there exists a function : R + → R + such that ( ) < for any > 0 and
or a function with some other properties. In 1997, Jachymski [7] proved, roughly speaking, that most of these generalizations of the Banach Principle are equivalent.
It is natural to put together both directions and find a fixed point for a sum of such generalized contraction and compact map. In [3, 4] , Burton has obtained a result of this kind but his notion of large contraction does not contain all generalized contractions, moreover he assumed A + B ∈ K for ∈ K .
There are many other frameworks for this problem. In [1] , the authors study the problem for operators in Fréchet spaces with a nondecreasing sequence of seminorms. In [13] , the nonlinear alternative for sums of compact maps and generalized contractions is proved. J. Garcia-Falset et al. [5] studies the existence of a fixed point for sums of compact and "almost" nonexpansive maps under assumption A + B ∈ K for ∈ K . Xiang [15] works with dissipative operators replacing contractions. Many authors studied the question in the case of multifunctions, [10, 11] for instance. Our approach is different.
In this paper, we shall prove the existence of a fixed point for the sum of a compact map and a generalized contraction such that (A + B)(K ) ⊂ K , where K is bounded closed and convex. Next, we shall apply this result to the sum of an Urysohn integral operator and a superposition map defined by differentiable functions with bounded derivatives. Our application is motivated by examples given in [3] , cf. [12] .
Main result
Let T : X → X be a map on a complete metric space. We shall say that it satisfies condition (H) if for any R > 0 there exist = (R) ∈ (0 R) and R < 1 such that
• for any ∈ X with the property ≤ ( ) ≤ R,
We take one of the equivalent conditions defining generalized contractions, say the one from [9] : there exists a function Γ :
Lemma 2.1.
An operator T satisfies condition (H) if and only if it is a generalized contraction.
Proof. If (H) holds, put Γ 1 (R) = R and Γ( ) = Γ 1 ( ( )). Take any 0 < ≤ and an open covering of [ ] by intervals ( (R) R) for R > 0. In order to show that it covers the interval, suppose there exists
in spite of (1) . We can choose a finite covering ( (R ) R ), = 1 , and then
so (4) is a direct consequence of (2).
Conversely, if T is a generalized contraction, then we can choose (R) = R/2 for each R > 0. Then (1) is obvious and
by (3); (2) follows (4).
Theorem 2.2.

Every generalized contraction T : X → X is a β-condensing map.
Proof. Let C be a subset of X that is not relatively compact, i.e. β(C ) > 0. Take a number ∈ lim sup
and
We have (R) < β(C ) < R and R · R < β(C ) in both cases.
Let us take a finite R-net of the set C : C ⊂
=1
B( R)
Let R = max ( R · R (R)). We shall show that {T : 1 ≤ ≤ } is an R -net for T (C ). If ∈ T (C ), then T = for some ∈ C , hence there exists ∈ {1 } such that ( ) < R. Then either
we have β(T (C )) ≤ R < β(C ).
The following theorem follows from the Sadovskii Fixed Point Theorem [14] .
Theorem 2.3.
Let K be a convex closed and bounded subset of a Banach space X , A : K → X a generalized contraction and B : K → X a compact operator. If A + B ∈ K for any ∈ K , then A + B has a fixed point.
Proof. For each C ⊂ K with a positive Hausdorff measure of noncompactness, we have β((A + B)(C )) ≤ β(A(C ) + B(C )) ≤ β(A(C )) + β(B(C )) < β(C )
since B(C ) is relatively compact and by Theorem 2.2. Thus A + B is β-condensing and therefore it has a fixed point due to the Sadovskii Fixed Point Theorem.
A large contraction is defined [3] as a map T : X → X which has the property: for any ε > 0, there exists ε < 1 such that (T T ) ≤ ε ( ) for each providing that ( ) ≥ ε.
Burton proved [3] that any large contraction T on a complete metric space with bounded sequence T for some has a unique fixed point. It is obvious that large contractions satisfy condition (H): for R > 0, we take (R) = R/2 and R = R/2 . However, in an arbitrary complete metric space X the converse is not true as the following example shows.
Example.
Let X = { : = 1 2 } be a countable set with metric
It is a complete metric space. Define T : X → X by the formula:
T satisfies (H), since for R > 0 we choose (R) = min (R/2 1). Then (1) holds and there is only a finite set of pairs
Then it suffices to put R = (R − 1)/R < 1 to get (2).
On the other hand, all pairs of different points satisfy ( ) ≥ 1 but
However, if X is a convex subset of a Banach space, any generalized contraction is also a large contraction. In fact, for ε > 0 and arbitrary with ( ) ≥ ε, we can find a finite sequence = 0 1 −1 = of points of the form
Our main result is not equivalent to the theorem of Burton, since condition (A + B)(K ) ⊂ K is essentially more general than his A(K ) + B(K ) ⊂ K .
An application
Let Ω be a compact space and µ be a Borel measure on Ω. Let G : Ω × Ω × R → R and : Ω × R → R be continuous functions. It is well known that the Urysohn integral operator 
then A is a generalized contraction.
Proof. Fix 0 < ≤ and take 
Remark.
Our arguments are strongly based on the Mean Value Theorem, thus we cannot generalize this application to the case : Ω × R → R with > 1.
Summing up all assumptions, we get 
